We propose a flexible and model independent parametrization of the neutrino mixing matrix, which takes advantage of the fact that there are up to three small quantities in neutrino mixing phenomenology: (i) the deviation from maximal mixing of solar neutrinos, (ii) the mixing matrix element U e3 and (iii) the deviation from maximal mixing of atmospheric neutrinos. It is possible to quantify those three observations with a parameter λ ∼ 0.2, which appears at least linearly in all elements of the mixing matrix. Present and future experiments can be used to pin down the power of λ required to usefully describe the observed phenomenology. Observing that the ratio of the two measured mass squared differences is roughly λ 2 allows to further study the structure of the Majorana mass matrix. We comment on the implications of this parametrization for neutrinoless double beta decay and on the oscillation probabilities in long-baseline experiments.
Introduction
Neutrino physics has made impressive progress in recent years [1] . In particular, the structure of the neutrino mixing matrix has been identified to a reasonable precision. The final step for the determination of its structure has come from the KamLAND experiment [2] , which confirmed the large mixing angle solution for the solar neutrino problem, after a preference for this parameter space was already implied by the data of the various solar neutrino experiments [3] . Very recently, the SNO salt phase data [4] rejected maximal solar mixing by more than 5σ [4, 5, 6] . The (almost) maximal mixing of atmospheric neutrinos has been found by the SuperKamiokande experiment [7] and confirmed by the K2K collaboration [8] . Finally, the presence of a small if not zero angle was implied by reactor experiments [9] . In this letter we wish to propose a parametrization of the neutrino mixing matrix in terms of a small parameter λ, whose magnitude is interestingly around 0.2, i.e., close to the Wolfenstein parameter used to parametrize the CKM matrix. This parameter describes the up to three small quantities in neutrino mixing phenomenology, namely the deviation from maximal mixing of solar neutrinos, the deviation from zero U e3 and the deviation from maximal mixing of atmospheric neutrinos. Future precision experiments can be used to pin down the power of λ to usefully describe the data. In addition, the ratio of the mass squared differences governing solar and atmospheric neutrino oscillations is given by λ 2 , so that it is possible to analyze also the structure of the neutrino mass matrix (provided neutrinos are Majorana particles). We also analyze the oscillation probabilities for long baseline experiments and the effective mass as measured in neutrinoless double beta decay within our parametrization.
The paper is organized as follows: In Section 2 we describe the neutrino mixing parameters as implied by current data and outline the idea of our parametrization. Then, in Section 3 we give the form of the mixing matrix for various special cases of the parametrization and analyze in Section 4 the form of the neutrino mass matrix. In Section 5 we apply our parametrization to the effective mass as measured in neutrinoless double beta decay and to long-baseline oscillation experiments. We conclude in Section 6.
Quark versus Lepton Mixing
The Wolfenstein parametrization [10] of the CKM matrix uses the fact that the quark mixing is very small, i.e., the mixing matrix is quasi the unit matrix with only small corrections on the off-diagonal entries. In terms of mixing angles, a hierarchy of the form θ 12 ∼ 0.1 > θ 23 ∼ 0.01 > θ 13 ∼ 0.001 is observed. This has been used by Wolfenstein to introduce an expansion parameter λ describing the mixing between u and s quarks. The observation that c − b (u − b) mixing is roughly one (two) orders of magnitude suppressed then leads to
The neutrino oscillation data can consistently be described within a 3-neutrino mixing scheme with massive neutrinos, in which the flavor states ν α (α = e, µ, τ ) are mixed with the mass states ν i (i = 1, 2, 3) via U PMNS , the unitary Pontecorvo-Maki-Nagakawa-Sakata [13] lepton mixing matrix. It can be parametrized as
To obtain information about the PMNS matrix one fits [5, 6, 16] [16] . A recent preliminary analysis of the SuperKamiokande collaboration, taking into account e.g. improved identification criteria and neutrino fluxes, yields a value of (∆m 2 A ) BF = 2.0 · 10 −3 eV 2 [17] . There are two possible mass orderings, the normal and the inverse mass ordering:
Ignoring the phases, the "best-fit PMNS matrix" reads:
Next generation long-baseline experiments will be able to probe ∆m 2 A and sin 2θ 23 to the % accuracy [18] . The element U e3 can be probed down to the level 10 −3 in future long-baseline or reactor experiments [19] . Neutrino factories [20] can improve these bounds considerably. The solar neutrino mixing angle tan 2 θ sol will see its error reduced below 10 % by experiments investigating the low energy neutrino fluxes from the sun [21] .
As a limit, the bimaximal mixing pattern [22] can be considered. The corresponding mixing matrix, ignoring the CP violating phase, reads
Currently no information about leptonic CP violation exists. In oscillation experiments one can detect CP violating effects [15] , which have to be proportional to [23] Tries to parametrize the PMNS matrix in analogy to the CKM matrix suffer from the fact that from the 9 elements of U PMNS only one is small, namely the element |U e3 | < ∼ 0.27. The other eight entries take typically values around 1/2 or 1/ √ 2. There are to our knowledge two approaches to do something similar to the PMNS matrix as has been done so successfully with the CKM matrix. The analysis from [24] uses U e2 √ 2λ, atmospheric neutrino mixing remains maximal and U e3 is proportional to λ 2 . The other work [25] chooses the expansion parameter λ = U µ3 1/ √ 2. Solar neutrino mixing is governed by U e2 = A λ 2 and the small quantity U e3 has to be introduced at at least the eights power of λ. Effects due to CP violation in neutrino oscillations are -courtesy of Eq. (??) -proportional to at least λ 11 . More model dependent forms of U PMNS have been proposed in [26] .
In this letter we wish to propose a purely phenomenological and model independent parametrization of the PMNS matrix by using a small "expansion" parameter λ. For a useful analysis in terms of a small parameter one requires small quantities in the mixing matrix. The basic idea is given by the identification of up to three such small numbers in neutrino mixing phenomenology, namely:
(i) the deviation from maximal mixing of solar neutrinos (ii) the small mixing element U e3 (iii) the possible deviation from maximal mixing of atmospheric neutrinos Those three aspects describe all possible deviations from the bimaximal mixing scheme in Eq. (??). Observation (i) is now a solid experimental evidence, after inclusion of the SNO salt phase data [4] , it now holds that tan 2 θ < 1 at more than 5σ [4, 5, 6] . Regarding observation (ii), only the mentioned limit of |U e3 | 2 ≤ 0.07 (at 3σ) exists. Best-fit points of three flavor analyzes of all neutrino data typically yield very small if not vanishing values for this quantity. Finally, atmospheric neutrino mixing insists to be described by solutions with a best-fit corresponding to maximal mixing. This remains true also when the K2K data is included or separately analyzed (e.g., [16] ). Though exactly maximal mixing and zero U e3 would hint to some underlying symmetry in the lepton sector, one can not expect radiative corrections to allow these extreme values to persist down to low energy [27] . Thus, one expects non-extreme values for θ 13 and θ 23 . See, e.g., [28] for ways to generate deviations from the bimaximal mixing scheme. All in all, the three observations (i) to (iii) together with the mixing matrices (??,??) lead us to parametrize three elements of the mixing matrix as 
The Mixing Matrix
3.1 Case m = n = 1 In this case we have U e3 = A λ and U µ3 = 1 2 (1 − B λ) e iδ . It corresponds to rather
3.6
The cases m = 3, n = 2 and m = n = 3
The remaining interesting cases are m = 3 with n = 2 and also m = n = 3. The former case
(1 − B λ 3 ) e iδ and U e3 = A λ 3 , then it holds for the mixing parameters:
The Majorana Mass matrix 4.1 Basics
Up to know our analysis assumed only the neutrino oscillation explanation of the experimental data. Now we assume in addition that neutrinos are Majorana particles, which is, e.g., a prediction of the see-saw mechanism [30] . Thus, the neutrino mass matrix m ν in the basis in which the charged lepton mass matrix is diagonal is given by:
Here m diag ν is a diagonal matrix containing the masses m 1,2,3 of the three massive Majorana neutrinos. Immediate consequence of the Majorana nature of the neutrinos is the presence of two Majorana phases α and β to which neutrino oscillations are insensitive [31] . Information about these phases can be obtained by studying processes in which the total lepton charge L changes by two units, e.g., neutrinoless double beta decay,
Realistically, only neutrinoless double beta decay can expected to be measured [32] . The decay width of this process is sensitive to the ee element of m ν .
An interesting observation is that the ratio of typical best-fit values of the mass squared differences corresponds roughly to the expansion parameter λ:
Normal hierarchy
In case of the normal hierarchy we have
Inverse hierarchy
In this case we have
Quasi-degenerate Neutrinos
For quasi-degenerate neutrinos, i.e., m If sign(m 1 ) = −sign(m 2 ) = sign(m 3 ), then the dependence on η is not so important. Neglecting η with respect to terms of order 1, we find for m = n = 1:
Summary for the Mass Matrix
Looking at the cases considered in the last Subsections, the following summarizing statements can be made:
• Roughly, for |U e3 | ∼ 0.01 and sin 2 2θ 23 < ∼ 0.9, corrections to the extreme forms of the mass matrices in Eqs. (??,??,??) are linear in λ. When |U e3 | < ∼ 10 −3 and sin 2 2θ 23 > ∼ 0.95, the corrections become quadratic.
• For the normal hierarchy, corrections to the exact bimaximal form are at least order λ.
To lowest order, the parameter A appears in the e row of m ν and B in the µµ and ττ elements. The number D, parameterizing the unknown lightest mass state, appears in all entries. There is basically no dependence on the relative signs of the mass states.
• For the inverse hierarchy, the dependence on D is highly suppressed. For identical signs of the two heaviest mass states, the correction to the ee entry, whose extreme value in case of bimaximal mixing is (in units of ∆m 2 A ) 1, is at least order λ 2 . The remaining elements receive at least linear corrections. A appears at leading order in the e-row and B in the µτ sector. Opposite signs of the two leading mass states lead to linear corrections to the entries and the appearence of A in the µτ sector and B in the e-row.
• In case of a quasi-degenerate spectrum and identical signs of the masses, the corrections to the unit matrix are at least quadratical • The µτ entry is special in our parametrization since the parameters A and B do typically only appear there for rather large deviations from zero U e3 and from maximal atmospheric neutrino mixing.
• If we would consider the inverse ordering in the QD mass spectrum, one has to change Eq. (??) 
Applications
It is surely useful to study formulae which are obtained by expansions in small parameters or by certain simplifications within our parametrization. We shall perform this analysis now for the effective mass as measurable in neutrinoless double beta decay and the oscillation probabilities for long-baseline neutrino oscillations.
Neutrinoless Double Beta Decay
We shall analyze now within our parametrization the form of the ee element of m ν , which is denoted by m . In a given mass scheme or hierarchy one can considerably simplify the expression for m [34] . We first note that since
Normal Hierarchy
With the help of Eqs. (??,??) we can evaluate the effective mass in case of the normal hierarchy. We find for U e3 = A λ and m 3 = D λ 2 :
For m 3 = D λ 2 and higher orders of λ in U e3 , i.e., n ≥ 2, it holds
Inverse Hierarchy
From Eqs. (??,??) one sees that in the expression for m the dependence on β practically vanishes. The result for U e3 = A λ is It is known that extraction of information from a measurement of 0νββ suffers from a large uncertainty stemming from the calculation of the nuclear matrix elements. This uncertainty is a number of order one [35] . It is therefore an important question to ask and an even more important one to answer whether future 0νββ experiments can distinguish [34, 36] between the normal and inverted mass hierarchy. Let us parametrize the nuclear matrix element uncertainty with a factor ξ as done in [37] . In order to distinguish the normal from the inverted hierarchy it must hold that the maximal value of m in the normal hierarchy times the uncertainty ξ has to be smaller than the minimal value of m in the inverted hierarchy. Therefore, choosing U e3 = A λ and small m 3 we find from Eqs. (??,??)
Quasi-degenerate Neutrinos
The formulae for the mass states are given in Eq. (??). Ignoring η and taking U e3 = A λ one finds
Long Baseline Oscillation Experiments
There is another field of neutrino physics in which expansion in small parameters gives insight in the physics involved and which is therefore useful to study within our parameterization. These are the oscillation probabilities for long-baseline experiments [15] . The determination of some currently unknown neutrino parameters, namely U e3 , the sign of ∆m 2 A and the Dirac-like CP violating phase are the purpose of such experiments. There are helpful expansions of the relevant oscillation probabilities in vacuum [38] . Here, we do not consider matter effects since they will not change our conclusions. Let us first comment on CP violation. Using Eq. (??), one finds for the difference of the oscillation probabilities:
One can also consider the bare oscillation probability for the "golden channel", which is given by ν e → ν µ oscillations. Using the form of P (ν e → ν µ ) as given, e.g., in [19] , one finds for the oscillation probability in case of m = n = 1:
As another example, assume n = m = 2. Then, the terms probing U e3 and CP violation will both be proportional to λ 4 :
A characteristic combination of the oscillation parameters that appears in the relevant probabilities is ∆m 2 21 /∆m 2 31 sin 2θ 12 [38] . Neglecting terms of order λ 6 , we find for this parameter in our parametrization that
Conclusions
A flexible parametrization of the neutrino mixing matrix was proposed in which the expansion parameter λ 0.2 is introduced to quantify the deviation from maximal mixing of solar neutrinos. It can also be used to quantify the deviation from zero U e3 and maximal mixing of atmospheric neutrinos. The power of λ to usefully describe these two latter aspects can be adjusted to the data. Depending on the power of λ, rather simple forms of the PMNS matrix are obtained, where the deviations from the "bimaximal" values 0, ±1/2 and ±1/ √ 2 are implied by λ. If U µ3 and U e3 are close to their maximally allowed values, λ appears at first order in all elements of U PMNS . For values of |U e3 | < ∼ 10 −3 and sin 2 2θ 23 > ∼ 0.95, the corrections become quadratic. The invariant measure for leptonic CP violation is proportional to λ n , where n is the power of λ in U e3 . Observing further that the ratio of the mass squared differences as measured in experiments is roughly λ 2 , allows to study the form of the Majorana neutrino mass matrix m ν . Also here, the corrections to the extreme forms of m ν in case of bimaximal mixing and extreme hierarchies are linear or quadratic in λ, depending on the precise values of U e3 , U µ3 or the value of the smallest mass state. The ee element of m ν can be measured in experiments probing neutrinoless double beta decay. Here, λ appears as the scale factor of the typical values of m in the normal and inverted hierarchy. It also influences the maximal value of the uncertainty in the calculations of the nuclear matrix elements allowed to distinguish the normal, inverted or quasi-degenerated mass hierarchies. We furthermore commented on how our parametrization applies to realistic long-baseline oscillation experiments. Simple forms of the relevant oscillation probabilities are obtained. In particular, due to the small ratio of the two independent mass squared differences, effects of CP violation are suppressed by another two orders of λ.
